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Probabilistic Fatigue Crack Growth Analyses
for Critical Structural Details
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The damage tolerance method requires the assumption that cracks preexist at the critical structural details and
that subsequent fatigue crack propagation could cover at least twice the design life before failure occurs. If fatigue
crack propagation cannot meet these requirements, an inspection could be arranged to detect cracks at half of the
fatigue life to prevent catastrophic failure. Fatigue tests using from coupons up to the whole structure should be
performed to complement the damage tolerance analyses. Nevertheless, the damage tolerance method can still not
guarantee an economical airframe due to uncertainties in initial fatigue quality, material, usage, and maintenance.
Probabilistic analyses are needed to cover major sources of these uncertainties. A procedure is presented based on
several novel probabilistic fracture mechanics solutions for the analyses of fatigue crack propagation. A practical
example is used in the discussion to illustrate the procedure and to address important issues when uncertainties
are considered. It is shown that different consequences may appear if analyses of the fatigue life are based on the

probabilistic consideration.

Introduction

O guarantee enough structural strength during the design life

span, the damage tolerance is usually considered for critical
structural details to achieve the maximum reliability with a mini-
mum maintenance requirement. The damage tolerance method re-
quires specifyingthat cracks shouldbe assumed in all of the primary
structural details, and that these cracks should not grow to a size to
cause loss of the structure within a specified service period. The
damage tolerance method requires 1) a full-scale fatigue test to at
least double the design life for an average usage load and 2) at least
twice the design life for a crack started from a specified size to grow
into the critical size. The damage tolerance method is often imple-
mented by an inspection to detect fatigue cracks at half of the crack
growth life.

The fracture-mechanics-baed damage tolerance method pro-
vides information about the average crack growth behavior. It usu-
ally does not account for uncertaintiesinvolved in the fatigue crack
growth process for practical structural problems. Empirical safety
factors are often adopted to cover uncertainties in crack propaga-
tion. When there are no adequate data to supportselectionof a safety
factor, a large value is preferred, which may lead to uneconomical
heavy structures and to rejection of reliable structures and com-
ponents. The consequent maintenance programs are usually poorly
defined, resultingin uneconomicalinspectionintervals that may still
not guaranteea reliable structure in service. A probabilisticanalysis
of the fatiguecrack growth is desirablein thereliability management
of structural problems. The analysis can be used as a guideline for
service conditions, where various uncertainties cannot be avoided.

When accidental damages such as pilot error, maintenance dam-
age, environmental attacks, production faults, etc., are excluded,
probabilistic fatigue crack growth analyses should cover the effect
of predictablevariablessuchas initial flaws, stochasticcrack growth,
crack growth threshold, production and loading, failure criteria, in-
spection, fleet size, etc. In this paper, a crack growth analytical pro-
cedure is developed based on Elber’s fatigue crack closure model!
for nonstationary stochastic fatigue crack growth analyses under
the general loading condition. The experimental data for the fa-
tigue crack growth rate against the effective stress intensity factor
for constant amplitude loading are used as intrinsic material data to
represent the resistance of material to the fatigue crack growth. The
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stress, which is a function of both the applied load and geometry,
is considered as a crack growth driving force. Together with a strip
yield crack closure solution? uncertainties in initial flaws, mate-
rial, spectrum severity, geometry etc., are to be accounted for as a
result of competition between the crack growth driving force and
the material resistance in a simplified solution. This model makes
it possible for the probabilistic analyses of fatigue crack growth in
general structures under service conditions.

Crack Closure Analyses
In many of the stochastic fatigue crack growth solutions, the gov-
erning functions proposed for both constant and random loading
are various randomized versions of the Paris-Erdogan® or compat-
ible equations, which do not account for all of the parameters that
affect crack growth even under the constant amplitude loading con-
ditions. Considerable error may be introduced when such models
are used to solve the crack propagation under spectrum loading,
when load interaction, small crack growth, stress state effect, etc.,
should be considered. Other models, like those based on the reac-
tion rate theory,* though attractive as microphysical-basedmodels,
still require much refinement to be used for the prediction of crack
growth under variable amplitude loading.
Recentinvestigationsbased on the crack closure mechanism pro-
vide a new way to analyze the probabilistic fatigue crack growth.
The crack closure mechanism is a phenomenon where a natural fa-
tigue crack may remain closed during part of the loading even for
tensile-tensile types of fatigue loading? It has been revealed that
various spectrumand stress state related crack growth behaviorsare
closely related to the crack closure mechanism.5
In accordancewith the crack closure model, the crack growthrate
may be approximated in the form of a piecewise-linear exponent
function, as shown in Fig. 1:
Ko) 2 _ (A K" 1
W( max)m - i( cff) ( )
where C; and b; are consideredas material constantsforeachlog lin-
ear regime, as shown in Fig. 1a. A K is an effective stress intensity
factor range computed from the crack openingload to the peak load
and w(K ) is used to account for the quasi-static crack growth
acceleration when the maximum stress intensity factor approaches
the critical value (fracture toughness or plastic collapse). A general
form can be written for the quasi-static acceleration function:

W(Kmax) = [1 - (Kmax/Kcr)(x]ﬂ (2)

where K, is the critical stress intensity factor, which may be differ-
ent from the static critical stress intensity factors such as the plane
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Fig.1 Intrinsic crack growth rate relation and an example.

strain fracture toughness K., the plane stress fracture toughness
K, or the fracture toughness K, for partially through cracks.

The effective stress intensity factorrange A K is closely related
to the reverse plastic yielding at the crack tip’ that quantitatively
represents the irreversibledislocation movement at the crack tip for
the homogenous materials. The crack closure is thus far the most
relevant parameter in characterizingthe fatigue crack growth under
variable amplitude fatigue loading conditions.

The effective stress intensity factor (Elber’s! A K.q)is determined
by

AKr = oY (a) \/777_“ (3)

where a is the crack size, Y (a) is a geometry function, and oy is an
effective stress range that depends on the stress range and the crack

closure. Here, o is defined by
_ {(Gmax - Cfop)’ if Oop > Omin
Gett = (Gimax — Omin)» otherwise 4)

where o, is the stress level at which the crack tip begins to open.
Figure 1b shows an example of experimental crack growth rate
expressed as a function of the effective stress intensity factor range
for various stress ratios. The test data are gathered from different
sources. There is significant scatter around the mean value. The scat-
ter is due to both the material inhomogeneity and the test methods.
Among the experimental uncertainties, the alignment of specimens
may not be accurate, and the measurement of the crack size may be
inaccurate. These random uncertainties will not seriously affect the

mean crack growth rate when the sample size is large.

The difficulty in using the crack closure model arises for the eval-
uation of crack opening stress, especially under the spectrum load-
ing condition. The crack opening stress may be different for every
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load cycle. By extending the Dugdale-Barenblatt’s (see Ref. 8) strip
yield model, it is now possible to make cycle-by-cyclefatigue crack
growth analyses in a reasonable computation time*® according to
the crack closure model for practical problems.

Probability of Crack Initiation (POCI)

Fatigue is usually divided into the crack initiation and the prop-
agation stage. The crack initiation is further divided into the crack
nucleation and the small crack growth stage. The crack nucleation
is often referred to as the stage when stress risers are created on a
smooth surface due to fatigue loading. This stage is closely related
to the early S-N (stress-cycle) fatigue tests for which smooth round
small specimens are used extensively. Except for some dedicated
applications for high surface quality and particular materials, the
crack nucleation stage is often not significant because various flaws
may be present on the initial surface due to impurities in materials,
machine scratches, and environmental attacks. It is often adequate
to consider the crack initiation stage to consist of only the small
crack growth stage.

For many metallic materials, a fatigue crack growth threshold
has been observed for certain stress levels below which the fatigue
crack may stop growing. A threshold stress intensity factor range is
often used to determine whether or not a crack may start to grow.
The thresholdintensity factor range often depends on the stress ratio
and the environmentunderthe constantamplitudeloading condition.
The value is difficult to determine when spectrum loading is con-
sidered. Recent development'® indicates that an intrinsic threshold
may be defined for a given material if the crack closure is consid-
ered. This intrinsic stress intensity factoris less dependenton stress
ratio and load magnitude so thatit can be used to deal with spectrum
loading problems.

Based on the intrinsic fatigue crack growth threshold, a state
function can be written to define whether or not an initial flaw may
lead to a subsequentcrack initiation and propagation:

gr =AKy — ASeY(ay) Vray (5

where A K7 is the intrinsic threshold value, A S is an effective
stress range, Y is a geometry function, and ay, is the crack size
at which the effective stress intensity factor reaches the minimum
value. All of these parameters are random variables.

The probability of crack initiation (POCI) can be determined us-
ing the state function of Eq. (5) for the probability of all gr < 0.
Here, A Sei represents approximately the external load variation. Y
is a geometry variable, and ay, is the threshold crack size that may
be larger than the physical initial flaw size because a crack may be
arrested due to the buildup of crack closure.

In accordance with level II'! analysis that requires only the so-
lution for the central moments up to the second order, a reliability
index Br is computed for POCI as

Br =ty o ©)
The reliability index is a ratio relating the mean value and the stan-
dard deviationof g7. [f random variable g; can be assumed to follow

a normal distribution, Br can be used to evaluate POCI according
to

POCI =®(-fr) (N
The mean value of gr can be computed according to
te =E{AKr = ASerY (an) VAan} = AKr = (AKe)min  (8)

where A K is the mean intrinsic threshold. The second term is the
effective stress intensity factor range that can be determined by

(AKe)min = E{ASerY (aw) Vmag } 9

where (A Kg) min 18 the minimum effective stress intensity factor in
the crack propagation.
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Suppose random variables AKy, AS., Y, and ay, are indepen-
dent, the standard deviation of g7 can be calculated according to

(6,,)* =var{AK; — ASY Jmay |
=var{AKy} + var{ ASe Y Jmag, } (10)
where
Var{AScﬁ-Y M} =Var{(A SerrY) M}
= nE*{ASeY }var{ Jan} + nE*{ Jag | var{A SY }
+7rvar{ JaTh} var{AS.;Y '} (11

for which var{A S.;Y } and var{/ay, } should be solved separately.
Because A S, and Y are assumed to be independent, var{A S.4Y }
can be solved as

var{A SY }
=FE*{AS.}var{Y} + E>{Y}var{A S} + var{Y }var{A Sy}
=(ASw)’op + 70} + oy 05
=(ASer)* Y (vy + v +viv3) (12)

where vg and vy are coefficients of variation (COVs) for A S and
Y. By assuming that var{+/ay } is approximated by a parabolic'?
function, then

var{ Vag} = (1/4ay)o;, =0.25av,

dth dth

(13)
where v, is the COV of ay,. Therefore,
var{ ASeY \Jmag |} = [0.25\1;}‘ +vy + v +vivE

+0.25v2 (vi +vi+vive) [(AKe);

min

=vi(AKer), (14)

min
where

v =0.25v§m +vi v +vivi+ 0.25\1;]‘ (Vf, +v2 +v2v2)
(15)
The reliability index of POCI can be determined by

1 = (AK)min/ AK
ﬂ]‘ — ( tt) / T_ (16)
Jr2 + VA K ) AR P

Among the COV, v, is a difficult variable to determine. It can be
practically assumed to have the same value as the initial flaw dis-
tribution.

In the crackinitiationanalyses, all of the initial flaws are assumed
to be able to propagate with different probability. A deterministic
crack closure analysis can be performed for the crack starting at
the mean initial flaw. Together with the random values of threshold,
geometry, stress, and crack size, the probability of crack initiation
can be estimated.

Nonstationary Stochastic Crack Growth

Even though extensive investigations have been performed for
the statistical fatigue crack propagation under laboratory condi-
tions,'** 1 the availablemodels are usually valid forlimited problems
such as constant amplitude loading or some spectra with constant
loading features. In practical applications, a total life prediction
method is desired to evaluate the crack growth from the initial flaw
to final failure. The analysis should, therefore, include the effect of
the small crack growthbehavioras well. Scatterin crack growthrates
will increase for the small crack growth. The scatter will decrease
when cracks become large. Apparently, the stationary stochastic
process assumption cannot be used for a total life analysis. Nonsta-
tionary stochasticanalysisis necessary.In this study,a new methodis
developed, instead of the Markov"® or the differentialnonstationary

solutions. The method is based on the basic probabilisticconsidera-
tion of damage accumulation for each load cycle. The new solution
is an extension of the Palmgren-Miner!® theory of linear cumulative
damage.

The Palmgren-Miner’s cumulative damage solution is a conse-
quence of the theoretical statistical investigationfor randomloading
by Miles'” using an assumed S-N curve. When the Palmgren-Miner
theory is used in the probabilisticanalyses, it has been recognized'®
to be overconservative for spectrum loading histories. The model
often fails to account for the crack growth under spectrum loading
because it includes the whole load range as a primary damage pa-
rameter. This model does not distinguish the part of load cycle that
effectivelydrives the crack growth and the part of load cycle thathas
no effecton crack growth. Large portions of the load cycle that have
no effect on either crack growth or scatter are treated so as to have
the same effect on the crack growth as the portions of the loads that
do have effect on crack growth. Instead, by using the crack closure
as a primary damage parameter, this S-N curve-based solution may
be extended into a fatigue crack growth solution.

To approximate the nonstationary process, several stationary
stochastic crack growth regimes may be assumed according to the
fatigue crack growth rate as shown in Fig. 1. In each stationary
regime, the number of load cycles can be determined according to
the stationary stochastic solutions such as

aj+1 W(Kmax)da Ni+1
ni(a,nla;, N;) = Y =
N;

X;(N)dN (17
a; gz(AKcﬁ) ( ) ( )

where X;(N) is the stationary process for each regime (see Fig. 1a).
The simple central moment solution as proposed by Yang and
Manning!® can be used together with the variable autocorrelation
model proposed by Tanaka and Tsurui?® to analyze the crack prop-
agation in each stationary regime.

For the crack growthin the Paris regime (see Ref. 3), conventional
stationary stochastic solutions can be used to account for the scatter
in crack propagation caused by either the interspecimen variation
or the stochastic crack propagation. When the crack grows across
more than one stationary regime, a random variable solution can be
derived so that the total fatigue cycles are determined by a sum of

n=n +n,+---+n, (18)

with a mean value of

E{n} =) E{n} (19)

i=1

and a variation of

m m

var{n } =ZZC0V{"“ n;} (20)

i=1j=1

A correlationcan be defined among load cyclesin various stationary
regimes:

ry = SR 2 @21
Oy, On;

where r;; is within a range of Irijl <1. Here g,, is the standard devi-
ation in each stationary region that is determined by Eq. (17). This
solution is required for the crack growth analysis across several sta-
tionary regimes especially near the threshold value, where variation
in the crack growth rate may change significantly. A correlation
function of r;; may be assumed to be

rij =exp(—|i = j|/0) (22

with parameter 0 as a measurement of the correlation in the crack
growth accumulation among different stationary regimes. This as-
sumptionfeaturesa closerelation for the regimes close to each other,
and a weak correlation for the regimes separated from each other.
The parameter 8 can be computed according to both long and short
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Fig. 2 Schematic of the damage accumulation solution based on the
crack closure mechanism.

crack growth experimental data. The variation of total damage can,
thus, be computed in the relation

Vaf{”}=iirij0n,-0n, (23)

i=1j=1

In this solution, the central moments can be determined for the fa-
tigue cyclesunder spectrumloading condition. The schematicof the
damage accumulation model is shown in Fig. 2. In the analysis, the
crack closure is determined according to the mean crack size and
the load history. The effectiveload range for each cycle is computed.
The effective load range is then used together with the crack size
to determine the effective stress intensity factor. The mean crack
growth rate is estimated for each load cycle according to the intrin-
sic crack growth rate. The effective stress intensity factor range also
determines the stochastic crack growth regime for each load cycle.
The mean number of cycles in each regime can be determined, and
the probabilisticanalysis of the scatter in the final fatigue cycles can
be realized according to Egs. (17-23).

Effect of Load and Geometry

Thus far, the solution is to account for the effect of statistical
quantities in the resistance of material under a deterministic crack
growth driving force. This can only be achieved under laboratory
conditions. We must further investigate how variations in applica-
tions, typically the variations in load severity and production, af-
fect the fatigue crack growth. This analysis becomes relatively easy
when the fatigue crack process is considered to be a competition
between the crack growth driving force and the material resistance
according to the crack closure mechanism. Now we concentrate on
how variationsin the appliedloads or local stressesaffect the driving
force in the crack growth governing function.

Inaccordancewith the crack closure mechanism,the crack growth
driving force, the effective stress intensity factor A K., is deter-
mined by the crack size, the crack opening stress, and the stress
at the crack tip. In accordance with Egs. (3) and (4), A K. can be
written as

(1 - cfop/Cfmax)’

(1 - cfmin/Cfmax),

if Gy > Omin

AKer = oY (@) \/E { otherwise (24)
When the maximum stress Gy,x , the crack openingstress o, and the
geometry function Y (a) are treated as random variables, represent-
ing variations in applied load, crack closure, geometry, aspect ratio
of the crack, etc., the crack growth driving force A K. becomes a
random variable for each load cycle. The statistical description of
the fatigue crack growth driving force can be approximated as

Zdo c_fo min =
Achf = (chmx c_fmax) <1 - %)[ZYY(Q)] vra (25)

z Omax Omax

where overbars represent mean values and Z, ., Z,,,, and Zy are
assumed to be log-normal random variables representing the ran-
domness in fatigue load, crack opening stress, and geometry. The

Gop »
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variable includes the effects of manufacture tolerance, surface con-
dition, aspect ratio of the crack, etc. Because the crack closure is
affected by the load, Eq. (25) may be simplified so that

Achf =eXP(ZL + ZY)C_Tmax(l - c_fop/c_fmax)l/_/(a) vra
=exp(zL + zy)AK o (26)

In this simplification, the variationin the maximum load is assumed
to be similar to the variation in the crack opening stress, and z,
and zy are symmetrical random variables representing the variation
due to load and geometry. They can be reasonably assumed to be
independent. A single random variable can be used to represent the
combined effect of fatigue loading and geometry,

Zy =exp(zy +2zy) =expzg, for zx =z; +zy 27

In general, the crack growth may cross several stationary regimes in
the crack growth rate with different material parameters C; and b;
under the variable amplitude fatigue loading condition. The effect
of stress on the crack growth may be fully correlatedunderspectrum
loading because a highly loaded sample may have greater chance
of being kept in the same condition. It is at least conservative to
assumea fully correlatedeffectin the stress for the crack propagation
analysis crossing several material regimes.

Yang and Manning?! proposeda solutionfor fully correlatedcrack
growth crossing several materialregimes. Their method can be mod-
ified to accountfor the effect of the stress on the fatigue crack growth
analysis.In accordance with their solution, the fatigue crack growth
can be analyzed based on the mean fatigue loading sequence at the
mean stress level. The number of load cycles within each material
regime is recorded separately. For each material region, the random
variable can be solved as

n =l (Zg)" (28)

The total number of fatigue cycles can be solved by

m —

n(a) = Z (Zr:)h; + ny (29)

i=1

where n is the number of load cycles below the crack opening stress
that do not contribute to the fatigue crack growth (see Fig. 2) and
can be treated separately as a random variable.

The random variable Z is assumed to follow a log-normal dis-
tribution so that

Fu(x) = ®[lal(x/ Zo)/ ox ] = @[ bal(x/ Z)" ¥ ] =®[ley]  (30)

where Z, is the value for 50% probability for the random variable
of Zx. A substitution can be made according to the preceding dis-
tribution for

Zyx =Zyy°¥ (3D

so that a complete correlated solution can be achieved for n(a) as

m

7i;
n(a) = —— +n (32)
; (Zoyck)hl '

The distribution function of fatigue cycles can be solved for the
effect of stress and load by

FK(”) = / flog normal [Y(”)] d[Y(”)] (33)
0

where fiog norma 18 the density function for a log-normal distribution.
The density function can be solved as

fK (l’l) = flog normal [Y(”)] (34)

on

a[y(n)]’

The central moments up to the second order can be solved based
on the crack closure model and the damage accumulation solution.
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The distribution density for a given crack size can be approximated
using the maximum extreme distribution such as

filochastic(”) = (ZeXp[—a(n —u) — g‘a("_u)] (35)

Parameters in this distribution function can be solved according to
the central moments

u= E{n}—(0.577/a) (36)

a =m/\/6var{n} (37)

The distribution function is then determined by
Rlochastic(”) = eXP{_eXP[_a(” - M)]} (38)

whereas fiochasic and fx can be considered to be independent. A
joint probability may be determined by

fjoinl(”la l’lz) = fK(”l)ﬁlochastic(”Z) (39)

The joint distribution function is determined by

Fjoim(”) =/ fK(”l)dVH/ Sstochastic (112) dn, (40)
0 0

This function is used to evaluate the nonstochastic crack growth
when the effects of material inhomogeneity, the fatigue load, and
the production quality are considered.

Effect of Initial Flaw and Crack Growth
for a Given Time

The distribution of fatigue cycles for a given crack size should
be transformed into a flaw size distribution for a given fatigue time.
Statistically, when the distributionof the flaw size for a given time is
considered, the event {a(t) =>A} is the same as the event of time to
crack initiation (TTCI)(¢/a). The flaw size distribution (FSD) can
then be solved by

t
FSD(a, ay | 1) =/ frcadt =TTCI(¢ |a, ay), for t =const

(41)

This distribution is conditional to a given initial crack size. Effects
of load, stress, and stochastic crack propagationare solved in TTCI
for a given initial flaw size. The FSD can then be computed by con-
sidering effect of the initial crack size distributionin an integration
of

FSD(a | t) =/ TTCI(t | a, ag) f,,(ao) dag, for t =const
0

(42)

where f,,(ay) is the distributionof initial flaws. Because the fatigue
crack growth is nonlinear, the time distribution depends on crack
propagation. When the effect of initial crack distribution has been
accounted for, a numerical solution can be used to compute TTCI
according to the reversed relation as given in Eq. (41):

TTCI(t |a;) =1 —FSD(a, |t), for a; =const (43)

When the effect of initial flaw is considered, more than two closure
analyses may be made: one for the mean initial crack and the other
for the worst 3-o initial crack. These two computations can be used
to account for the effect of initial flaws. The distribution of initial
flaws can be assumed, for example, as a log-normal distribution:

1 { €2 (ag/ 1) }
ex -
N 205

Jao(@o) = (44)

in which

Eay)

/1+ v{f{)

(45)

Iy =

where [y is the crack size at 50% probability,and
o =/ta(1+v2) (40)

which is the log deviation for the initial flaws. In Eq. (46), v, is the
COV for the initial flaw size defined by

g, = Mvariao} (47)
Efay}

The distribution function of initial FSD (IFSD) can be determined
by

IFSD(ay) = @ {llay/ ly)/ oy} (48)

This distributioncan be used in the evaluation of fatigue crack prop-
agation.

Probability of Failure

When the probabilisticcrack growth analysisis realized, the prob-
ability of failure (POF) can be determined. The POF is determined
by different failure criteria. Crack size, critical stress intensity fac-
tor, plastic collapse, etc., can be used as the failure criteria. The
simplest one is to use a given crack size. In this case the POF is
simply solved by

POF{r} =/ freadt =TTCI(t | ay) (49)

where a; is the failure criterion.
When the critical stress intensity factor is used as a failure crite-
rion, a state function of failure can be established as

8r = Ko — Knax (50)
where K, is a critical stress intensity factor, which is a random
variable. The POF is determined by

POF{r} =/ Jes (87)dgy (5D
gr<0

The maximum stress intensity factor for a given time is a random
variable

Kmax =SmaxY(af) Ay (52)

where Sy, and Y are random variables for a given crack size a;.
Assume that S, and Y are independent, there are

E{Kmax } =E{SmaxY(af)\/7raf} =I€max (53)
var(Kg } = 7a(E* (Smax } var{Y } + E*{Y } var{Spay }
+ var{Spy ) var{Y }) (54)

which gives

2

_ 2 2 2 2
Vims = Vomax T V¥ T V50 Vy (55)

Therefore, the mean value becomes
Hgy =E{gf} =I€cr - Kmax (56)
and the variation is solved by
crng =var{K} + var{K,} =vi K, +vi K’ (57)

Assume that the failure state function follows a normal distribution,
the POF can be evaluated by

POF{t} = /U wfao@{—%} da (58)

8f

The reliability can be computed using the result of POF,
R{t} =1 —POF{t} (59)

This function serves as a reference for the reliability management.



Probability of Detecting Crack (PODC)

Inspections can be used as a preventive means against the fa-
tigue damagein an operational condition.Nondestructiveinspection
(NDI) methods are often used to detect fatigue cracks in a mainte-
nance program. It is useful to analyze the effect of inspection based
on the inspection accuracy.

Assume a probability of detection (POD) that represents the ca-
pability of a method used to detect cracks. For a given method, a
POD curve is usually used to represent the likelihood of detecting a
crack as a function of the crack size. Various types of POD curves
can be used dependingon the type and accuracy of the individualin-
spection method. As an example, the POD curve proposedby Swift
and Connolly*? is used. This POD curve is assumed to follow a
Rayleigh distribution with sensitivity determined by the probability
of detecting a specified crack size of ag,9s. This value is a thresh-
old for which the population of cracks to be detected by using the
NDI technique is at a probability of 90% at a lower bound of 95%
confidence level. The POD curve is expressed as

POD{A <a) =1 — exp{—[a/(0.466a505)Pl 2} (60)

The PODC can be derived according to the POD curve and the
probabilistic solution of FSD for a given time:

o 0
PODC{r <T)} =/ fa(T)(a)|:/ fo(a + D) dD:| da
0 —00

= /00 facry(@)POD{A <a}da 61)
0

This solution describes the capability of an NDI method at a given
service time as a function of sensitivity of the NDI technique.

Damage Assessment
An estimation of the extent of damage provides a reference about
the status of a group of structural details. A simple method has been
proposedin the U.S. Air Force durability method®® using a binomial
distribution so that the number of mean damaged details in a group
can be evaluated according to

Ny(1) =k X POCI XFSD(a | 1) (62)

where kq is the total number of details and POCI is a modification
to the original U.S. Air Force solution. The standard deviation for
Np(t) is determined by

o7, =ko XPOCI XFSD(a|1) X[l —=FSD(a|n)]  (63)

In the application, the binomial distribution may be approximated
by a log-normal distribution, and the number of structural details
with cracks less than a certain size can be estimated for a given
service time.

Another useful method is to consider the leading crack in a group
of structural details. For a group of similar details, the probability
of worst case increases with the increase in size of the group. In this
area, order statistics can be used.

Considerrandomvariables X |, X», ..., X; tobeindependentand
identicallydistributedwith the same distribution Fx (x); the variable

Uy =min(X,, Xa, ..., X}) (64)

is of interest when the TCCI is considered for a given crack size.
By use of order statistics, the probability of U can be computed by

Fy () =1-[1 - Fx(@l (65)
and its density is determined by

fu(2) =k[1 = Fx(1" ™! fx(2) (66)

In Egs. (64-66), k is determined by the number of structural details
as well as the POCI. For crack propagationstarting from a physical
initial flaw, not every initial flaw will lead to a subsequent crack
propagationdue to the fatigue crack growth threshold. Only details
should be considered when the crack growth is possible. Suppose
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the identical details are originally ky, the actual details should only
be considered for

k =ky XPOCI, for k=>1 (67)
which will be smaller than k.

Probability of Restoration (POR) and POF

When periodic inspections are used to evaluate the status of fa-
tigue damage,* repair or replacement may be conducted to restore
reliabilityof the structureonce fatiguedamageis detected. Extensive
investigations ranging from basic probabilistic solutions® to more
sophisticated Bayesian solutions’® have been conducted on the ef-
fects of inspections and restorations on the reliability of structures.
These solutions are often cumbersome for applications. The final
results are often doubtful because many solutions give a fully re-
stored structuralreliability aftereach inspectiondespite that missing
acrackinan inspectionmay significantly compromise the reliability
of the structure because fatigue damage is often very detrimental at
the time of inspection.

To avoid complications in determining the inspection intervals,
a total probability solution is used. This solution is based on an
analysis of POF and PODC as a function of the service time. In
this solution, all of the sequences are considered, whether or not
a crack is detected. It is assumed that once a crack is detected,
immediate repair or replacement will be conducted. The restoration
is so effective that the fatigue quality can be recovered to the orginal
standard.

A probability of restoration (POR) is considered first. Here, POR
is the PODC for a giveninspection event. At the start of the service,
POR is assumed to be

POR, =1 (68)
where the subscriptdenotes the event of inspection. This probability
defines a new product state (100% restoration) at time zero. Conse-

quently, POR for the first inspection can be computed according to
the schematic shown in Fig. 3,

POR;, =POR,PODC (69)
where PODC ; is for the crack started at time zero.

For the second inspection, two cases should be considered. One
is for the probability of detecting the crack thatis missed in the first
inspection.The otheris for the probability of detecting the crack that
is started after the first inspection, when a crack has been detected

and restoration has been performed. The solution for POR at the
second inspection becomes

POR, =POR,PODCj,(1 — PODCy,) + POR,PODC,, (70)
where PODC, , is for the crack started at time zero. PODC, ; is for
the crack started after the first restoration. Additional cases should

be considered for the third inspection:

POR; =POR,PODC ;(1 — PODCy ;)(1 — PODC,,)

+POR,PODC, ;(1 — PODC, ,) + POR,PODC, ; (71)

Service Start

1st Inspection

—2nd Inspection

Fig.3 Schematic of the total probability solution.
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Every inspection will lead to a certain probability of repair/re-
placement. Accordingly, POR canbe solvedfor the kthinspection as

k-1 k-1
POR; =Y POR,PODC;; [ [(1 —PODC;;), for POR, =1
1 =0 i =0

(72)

In this function, POR; is the probability of repair/replacementat the
kth inspection, which is determined by all of the earlier inspections
and restorations. In this solution, PODC, ; is the POD at the kth
inspection for the crack initiated after the /th inspection. PODC; ;
has a value of

0, for [ =i

L {1, for [ >1i (73)
When the effect of repair/replacement is considered, the evaluation
of the POF will be different. The POF before the first inspection can
be solved as

POF,(1) = POR,POF,, (74)

Immediately after the first inspection, the POF will consist of two
events: one is for the probability that a crack has been detected and
the restorationhas been made; the other is for the probability that the
crack has been missed. Solution for the POF after the firstinspection
becomes

POF,(t) =POR(POF,,(1 — PODC, ;) + POR,POF,, (75)

where POF, , is for the original crack and POF, , is for the crack
started after the restoration. When the second inspectionis conduc-
ted, the solution for the POF becomes

POF,(t) =POR,POF,, (1 — PODCy;)(1 — PODCy>)
+POR,POF, ,(1 — PODC, ,) + POR,POF,, (76)

The same as for the solution of POR, POF after the kth inspection
can be solved as

k k
POF.(1) = Y POR,POF,, [ [(1 =PODC,)  (77)

1=0 i=l

where POF, , is for the crack started after the /th inspection and
restoration and PODC, ; is for the PODC at the ith inspection for
the crack started after the /th inspection. In this solution, every in-
spectionis assumed to be independent. The previousinspectionsdo
not affect the inspection capability even for the same detail.

Example and Discussions

To demonstrate the advantages of the probabilisticanalysis, a de-
tailed example of a forward fin attachment for an aircraft as shown
in Fig. 4 is discussed. The attachment is made of aluminum alloy
3633, with mechanical properties close to 7075. The yield stress is
440 MPa, and the ultimate stress is about 500 MPa. The average
Young’s modulus and Poisson’s ratio for aluminum alloys are used
in the crack growth analyses. For this component, a fatigue test
was conducted in the 1980s, and the fatigue damage pattern was
identified.?’” This example is very interesting because the fatigue
life has been demonstrated to be slightly more than twice the design
life targets. This component may pass scrutiny with a false reliabil-
ity picture. To highlight the problem, emphasis will be put on the
statistical parameters and their impact on the reliability of the struc-
ture. Different scenarios are analyzed to reveal possible problems
when the probabilistic fatigue life is considered.

The fatigue test was conducted using the mean spectrumshownin
Fig. 5a as solid curves, and the crack propagationis obtained shown
in Fig. 5b as symbols. Only one test has been performed because
of cost. The test results have been published previously in Ref. 27.
The testresult showed a small aspectratio for the initial flaw. This is
partly due to the irregular geometry and partly due to the idealization
of the initial flaw as a partially elliptical flaw. The actual crack
initiation occurs at multiple sites. When a single crack is used to
approximate multiple initial cracks, the aspectratio will be reduced.

Forward

Critical
comer
crack

Fig.4 Finite element model for the forward fin attachment and weight
function approximation for the critical corner crack.
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Fig.5 Loadspectrum and the comparison of test and analyticalfatigue
crack propagation.

A finite element model has been created to analyze stresses in
the component as shown in Fig. 4. The boundary conditions for this
model are determined according to a global finite element model
for both the fin and the fuselage. The finite element analysis pro-
vides detailed stress at the stress concentration. The analytical stress
concentrationagrees well with the experimental crack initiation lo-
cation. The finite element stress has been used to compute stress in-
tensity factors using weight functions? for a corner crack as shown
in the insert of Fig. 4. Error in the stress intensity factor solution
is estimated to be less then 10%. Fatigue crack growth has been
analyzed according to the strip yield model.”



The crack closure analysis of crack propagation agrees reason-
ably well with the test data (curves in Fig. 5b) when the initial flaw
is approximated by extrapolating the test data backward to time
zero. Both the analytical results and test results show that the fa-
tigue life is more than twice the design life, resulting in a safety
factor of two. For the given load and geometry, the deterministic
crack closure analysis shows a minimum effective stress intensity
of 6.83 MPa /m thatis much higher than the average intrinsic crack
growth threshold for aluminum alloys (around 1 MPa /m), which
means a high probability of crack initiation. According to the crack
initiation solution, the POCI is predicted to be 100%.

To determine whether or not the obvious safety factor of two can
guarantee the reliability of the component, the probabilistic analy-
sis is performed using the procedures given in the preceding sec-
tions. The probabilistic crack growth analysis includes four major
sources of uncertainties: 1) the initial flaw distribution, 2) the ma-
terial inhomogeneity, 3) the production uncertainty, and 4) the load
uncertainty. The load uncertaintyis defined as the uncertaintyin the
load magnitude, instead of the load sequence. Such an assumption
is thought to be relevant for usage because some of the aircraft may
be consistentlyloaded or maneuvered more severely than the others.

The mean initial flaw is assumed to be 3.50 mm on the surface and
0.088 mm deep (Fig. 5b). This initial flaw is similar to a machine
scratch. In accord with the inspection of physical initial flaws,*
the COV may be assumed to be 0.50 for natural initial flaws. The
mean intrinsic threshold of aluminum alloys has a value of about
1.00 MPa/m and a COV of 0.18 (Ref. 31). The load spectrum
is assumed to be random around the mean value (Fig. 5a) with a
COV of 0.10. The uncertainty due to fabrication is characterized
with a COV of 0.10. Parameters in the fatigue crack growth rate
are determined based on both the small crack growth data’? and the
long crack growth data.® The first-order distribution of the crack
growth rate is approximated with a smooth change of COV in the
fatigue crack growth rate from 0.16 in the Paris regime to 1.50 in
the threshold regime ? A fully correlated crack growth analysis can
be performed for the nonstochasticfatigue crack propagation using
these values.

The predicted crack distributions are shown in Fig. 6a at one
design life target (DLT). Four results are presented. Results denoted
IESD are the analytical FSD values when only the effect of initial
flaw distribution is considered. In this case, the crack growth is
assumed to be deterministic. Results denoted + SFCG mean that the
effect of material inhomogeneity has been added. Results denoted
+0.1 Fabrindicate the uncertaintyin fabricationis added. The COV
for fabrication is an assumed value for the purpose of parameter
analyses. Accurate value may be measured from stress variationsin
the assembled components. The last result in Fig. 6 is denoted as
+0.1 Load. This is the result when the uncertainty in load severity
is added. Again, an accurate value could be measured during use of
the aircraft.

It is shown that the fatigue crack propagation is affected by un-
certainties in both initial flaw sizes and material inhomogeneity.
The consistency in production and the change in load severity also
affect considerably the probabilistic fatigue crack growth process.
These variables especially affect the low tail of distribution. The
low tail of distributionis of great concern in the reliability manage-
ment of structures. For the example as shown in Fig. 6b, material
inhomogeneity, productioninconsistency,and changein load sever-
ity will significantly change the failure probability at the low end.
These results indicate that the original DLT may not be satisfied
with reasonable reliability.

A rough estimation of the extent of fatigue damage can be made
for a fleet of aircrafthaving the same component. In accord with the
probabilistic parameters and the probabilistic crack growth results
as shown in Fig. 6, the mean extent of damage is estimated for the
half DLT and one DLT for a fleet size of 100. The predicted results
are shown in Fig. 7. This analysis shows that the fatigue damage
is severe at the forward fin attachment. For example, there will be
an average 30 out of 100 aircraft containing surface cracks at the
forward fin attachment with a size as large as 5 mm at the half of
DLT. For one DLT, the number will be increased to 50.

For a more detailed analysis, a solution for the POF is required.
The critical stressintensity factor for a partially throughcrack is used
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Fig.6 FSD and TTCID as functions of random variables when differ-
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Fig.7 Examples of the extent of damage.

as the failure criterion. The estimated mean critical stress intensity
factor is 32 MPa /m, and the scatter is characterized by a COV of
0.14 (Ref. 34). The computed POFs according to this criterion are
givenin Fig. 8a. Order statistics has been applied to compute POFs
for the worst case for different fleet sizes. The worst POF increases
with the increasein the fleet size. This is in agreement with common
sense in that the more flawed components are used, the more likely
the worst case will occur. Such information is very useful for the
management of the whole fleet in that the leading damage may be
estimated for similar service conditions.

Figure 8a shows that the worst fatigue damaged aircraft cannot
survive one DLT for a fleet size larger than 100. When there are no
other options, inspections may be arranged to detect the crack and
to make restorationto prevent the failure. Figure 8b shows predicted
results for the probability of detecting leading cracks as a function
of service time for different fleet sizes. The inspection is assumed
to have a capability of agg;95 =20 mm in the POD function as given
in Eq. (60). This inspection accuracy is typical for many of the on-
field, nondestructive eddy current inspection methods. The PODC
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Fig. 8 POF and PODC:s for different fleet sizes.

results as shown in Fig. 8b indicate that there is a high probability
that the leading crack may be detected in the inspection.

Suppose an inspection procedure is planned according to the
deterministic method. A conservative inspection interval may be
determined at one half of DLT because the fatigue test has demon-
strated a fatigue life of about twice the DLTs. It seems that this
inspection programcan secure at least one DLT. However, the prob-
ability analysis gives a different picture because the resultin Fig. 8a
shows that there is a very high probability that the leading damaged
component may fail before one DLT, especially when the size of
fleet is large.

According to the preceding sections, probabilistic predictions of
POF can be made for the half DLT interval inspection strategy.
The predictions are shown in Fig. 9a as symbols. The probabilistic
analysesshow a very high POF, close to 9% for one DLT accordingto
the half DLT intervalinspection method. POF is very high even after
the inspection and restoration. The first inspection seems to have
almostno effecton POF. The high POF after the inspectionsseems to
be due to the significant effect of the missed cracksin the inspection.

The increase of inspection frequency is a convenient way to in-
crease reliability of the aircraft. It has been used widely in service
when fatigue problems have become severe. By use of the present
procedure, how changes in the inspection interval may affect struc-
tural reliability can be analyzed. An example is shown in Fig. 9a
(solid curve) for areduced0.2 DLT interval inspection. The reduced
inspection interval improves the reliability considerably. The POF
isreducedto less than 6.5% up to two DLTs. Notice thatinspections
stillhave a negligibleeffect on the POF for the life durationless than
0.6 DLT even when the inspection frequency is increased.

A variableintervalinspectionproceduremay be designed accord-
ing to a given reliability requirement. For example, for a maximum
POF of 5%, the inspection intervals can be solved according to the
total probability solution as given in Egs. (68-77). The predicted
resultis shown in Fig. 9b (solid curve). A very interesting outcome
of the variable interval solution is that no inspection is required
before 0.7 DLT. However, the second inspection should be very
close to the first one because missing a crack in the first inspection
may lead to considerable reduction in reliability of the structure.
The inspectioninterval is gradually increased after restoration. The
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tions.

required inspection interval seems to be periodic in a class of 0.2
DLT.

This probabilistic prediction suggests another option to make all
restorations at a constant interval of 0.7 DLT without involving in-
spections. Suppose restorations are conducted after every 0.7 DLT
to recover the component to its original quality; the reliability func-
tion is predicted and shown in Fig. 9b (curve with symbols). The
prediction shows the advantage that reliability can be significantly
improved after the restoration. Another benefit is that no cost is
involved because of inspections and the ensuing replacement, re-
pair, and grounding. The inspection option may have the advantage
of leaving some components that do not need restoration, but the
method has the cost of frequent inspections and grounding and a
sustained high POF because critical cracks may be missed in the in-
spection. It may be argued that the reliability target is still satisfied
even though POF may be high after the inspection. A full manage-
ment cost analysis should be made before any conclusion can be
made to compare these options.

To analyze the full cost picture, a comparison should be made
for the accumulated PORs for different options. Figure 10a shows a
comparisonamong the cumulativerestorationcurves for constantin-
terval inspection, variable interval inspection, and constantrestora-
tion options. The cumulative probability of restoration is the sum
of all the restoration actions required during a given service time. It
is closely related to the cost of maintenance. Here, cost of inspec-
tions and corresponding groundingis not included. In this scenario,
the constant restoration gives, as can be expected, the highest cost
at 0.7 DLT. The constant interval inspection cost less, whereas the
lowest cost method is the variable interval inspection. The cost of
maintenance changes when a longer service time is considered for
1.2~ 1.4 DLT. In this case, the constant restoration becomes the
cheapest option, whereas the constant interval inspection becomes
most costly and the variable interval inspection costs slightly less
than the constant interval inspection.

Differencesin the cost functionbecome even bigger when the cost
of inspections and grounding are included. For the same reliability
requirement, there are six inspectionsand groundingrequired for the
constant interval inspection option when the service time reaches
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1.4 DLT. The number of required inspectionsis five for the variable
interval inspection option. For the constantrestoration option, there
is only one replacement and grounding during the entire 1.4 DLT
service life of the aircraft. By use of this analysis, it is obvious that
use of inspections cannot be rationalized as a major option to keep
reasonable reliability of the structures.

The probabilisticanalyses show that the cost of service and main-
tenance is not solely determined by design (control of the mean
stress). When design parameters are not changed, reliability of the
component can be increased if improvements can be made on the
initial quality of the componentby reducing the initial flaw size and
increasing consistency in both production and material. For exam-
ple, if the initial flaw sizes are reduced to half and improvement in
the consistencyin production and material is doubled, the POF can
be predicted as shown in Fig. 10b for a variable interval inspection
option. In this case, the POF will be considerably reduced. This
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example shows that the initial DLT may be achieved with a given
POF of 5% without implementation of inspections and restorations
if improvements can be made in initial fatigue quality of the com-
ponent. It is, however, still costly to operate the component beyond
the DLT because the required inspection intervals are very small
and grounding and restorations will be frequent.

Finally, note that a strict distinction must be made between the
probabilistic fatigue crack growth under service conditions and un-
der laboratory conditions. In the laboratory, fatigue loading can be
accurately controlled, and stress at the crack location can be moni-
tored and evaluated. In such a condition,the effectof uncertaintiesin
productionand serviceloadingis excluded. Therefore, the POF will
be different. Figure 11 shows a comparison between the predicted
POF in service conditions and the predicted POF in laboratory con-
ditions. At a fatigue life of 0.7 DLT, the POF is about 5.0% under
service conditions whereas it is only 0.4% under laboratory con-
ditions because the randomness in both production and loading is
excluded in laboratory conditions. The prediction agrees with the
empirical practice to have a low POF in a range of 1073 for the
high maneuver airplanes when the prediction is based on fatigue
tests. Such practices may lead to a high POF under service con-
ditions even though fatigue tests may indicate adequate reliability.
Apparently, the high reliability required in the fatigue tests does not
guarantee reasonable reliability of structures under service condi-
tions even though materials, initial flaws, geometry, and the mean
fatigue loading are the same.

Conclusion

The damage tolerance method used in the industry can prevent
many of reliability-related structural problems for certification of
new structures. However, it is difficult to judge the economy of
usage based on deterministic damage tolerance analyses where in-
service managementand maintenanceare concerned. The determin-
istic analysis may create misleading information about the quality
of a product.

To understand the total economy of a product, probability anal-
yses are essential. Compared to the deterministic methods, proba-
bilistic analyses may providea different view of the fatigue behavior
of a product. Probabilistic predictions are crucial in determining a
proper strategy for new as well as aging products. A probabilistic
analytical procedure has been introduced for the analysis of fatigue
crack growth based on conventional as well as some novel solu-
tions. The model is established around a crack closure model so
that a sound physical mechanism is used throughout the analysis to
account for many aspects of fatigue crack growth behaviors.

An example has been provided to demonstrate the significance
of probabilistic analyses. Different scenarios have been analyzed
for this example. It has been shown that the probabilistic model can
help to improve the understandingof problems in both fatigue crack
growth analysis and structural life management methods so that
effective strategies can be determined to deal with fatigue problems
in the critical structural details under service conditions.
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